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ABSTRACT

The restarted estimation of distribution algorithm (EDA)
with Cauchy distribution as the probabilistic model is tested
on the BBOB 2009 testbed. These tests prove that when
using the Cauchy distribution and suitably chosen variance
enlargment factor, the algorithm is usable for broad range
of fitness landscapes, which is not the case for EDA with
Gaussian distribution which converges prematurely. The re-
sults of the algorithm are of mixed quality and its scaling is
at least quadratic.

Categories and Subject Descriptors

G.1.6 [Numerical Analysis|: Optimization—Global Opti-
mization, Unconstrained Optimization; F.2.1 [Analysis of
Algorithms and Problem Complexity]|: Numerical Al-
gorithms and Problems

General Terms

Algorithms, Experimentation, Performance, Reliability

Keywords

Benchmarking, Black-box optimization, Local search, Esti-
mation-of-distribution algorithms, Evolutionary computa-
tion, Cauchy distribution

1. INTRODUCTION

Estimation of distribution algorithms (EDAs) [11] are a
class of evolutionary algorithms (EAs) that do not use the
crossover and mutation operators to create the offspring
population. Instead, they build a probabilistic model de-
scribing the distribution of promising individuals and create
offspring by sampling from the model. In real-valued spaces,
such an algorithm can have a simple structure which is de-
picted in Fig. 1.

If the Gaussian distribution is employed as the model of
promising individuals ([10], [3], [16], [1]), and the parameters
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. Initialize the parameters u® = (ud, ..., u%),
0¥ =(0?,...,0%), and R® € RP*P Ris
orthonormal, D is the dimensionality of the search

space. Generation counter ¢t = 0.

. Sample N offspring from the search distribution (use
R? as a rotation matrix containing the base vectors,
o' as relative scaling factors of individual
components, and u' as the distribution center).

. Evaluate the individuals.
. Select the TN best solutions (truncation selection).

. Estimate new p'™', o'*!, and R'*! using the selected
individuals.

. Enlarge the '™ by a constant factor k (global step
size).

. Advance generation counter: ¢t =t + 1.

. If termination condition is not met, go to step 2.

Figure 1: Simple EDA used in this article.

of the distribution, u, o, and R, are learned by maximum
likelihood (ML) estimation, the algorithm is very prone to
premature convergence (i.e. the population converges on the
slope of the fitness function) as recognized by many authors
(see e.g. [3], [17], [12]). In [7], it was shown also theoreti-
cally that the distance traversed by a simple Gaussian EDA
with truncation selection is bounded, and [5] showed similar
results for tournament selection.

Many techniques that fight the premature convergence
were developed, usually by means of artificially enlarging the
ML estimate of variance of the learned distribution. In [17]
it is suggested to use standard deviation greater than 1 when
sampling the base Gaussian distribution (before it is multi-
plied by Rxdiag(o)), e.g. to use G(0, 1.5), which amounts to
use the variance enlargment factor k = 1.5. Adaptive vari-
ance scaling (AVS), i.e. enlarging the variance when better
solutions were found and shrinking the variance in case of
no improvement, was used along with various techniques to
trigger the AVS only on the slope of the fitness function in [6]
and [2]. The algorithm in Fig. 1, that suggests enlarging the
population variance by a constant factor each generation,
was studied in [18] where the minimal values of the ‘ampli-
fication coefficient” were determined by a search in 1D case.



In [13], the theoretical model of the algorithm behavior in
1D was used to derive the minimal and maximal admissible
values for k. However, in [15] it was shown experimentaly
that a constant multiplier does not ensure the desired prop-
erties of the algorithm when increasing the dimensionality
of the search space.

In this article, we assess another premature convergence
fighting technique suggested in [14], namely using the Cauchy
distribution instead of Gaussian. This modification allows
us to use a constant multiplier ¥ which works for both the
slope-like local neighborhood and the valley-like neighbor-
hood in the same time.

2. ALGORITHM DESCRIPTION

The model parameters are computed actually using ML
estimates for Gaussian distribution (even though they are
subsequently used for the Cauchy distribution—they can-
not be considered maximum-likelihood anymore, but they
can serve as a heuristic). The distribution center y is com-
puted as the average of the selected data points, the rota-
tion matrix R and the standard deviations o are obtained by
eigendecomposition of the covariance matrix of the selected
data points.

The sampling process can be described as follows. First,
for each i-th offspring a Cauchy distributed number r; is
sampled; it will be the radius, i.e. the distance of the off-
spring from the origin (for a negative radius, absolute value
is used, even though it is not necessary). Then, the values
of r; are divided by the 1J%—quamtile of the Cauchy dis-
tribution (7 = 0.3 is the used selection proportion of the
truncation selection). It is just a form of standardizing the
distribution used in [14]. Now, for each offspring a random
vector is sampled, uniformly distributed on the unit sphere,
which is then multiplied by the radius 7;. This operation
results in an isotropically distributed set of offspring vectors
zi. Based on z;, the final offspring x; are generated by

x; = p+ k- R x diag(o) X z;, (1)
where k is the constant multiplier.

2.1 Parameter Settings

The algorithm has three parameters which determine its
behaviour:

1. the selection proportion (7 = 0.3 is used throughout
this article),

2. the population size N (depends on the search space
dimensionality), and

3. the variance enlarging factor k (also depends on the
search space dimensionality).

By running a small experiment with the algorithm on the
Rosenbrock’s function it was observed, that the values of k
and N shown in Fig. 1 give acceptable performace.

Based on these measurements, the following models for k
and N were obtained:

N = 10-05.pt36 (2)

p (034+0.25-D)-vVD if D <5, 3)
- (1.45+0.013- D) - VD if D > 5.

D 2 3 5 10 20

k 07 12 15 16 1.7
N 30 50 80 250 700

Table 1: Suggested values of parameters £ and N
for various values of D and for selection proportion
T=0.3.

In each iteration, a check is performed if the model stan-
dard deviations did not fall below an acceptable limit. The
limit was set to 107°, and if smaller values of o; are de-
tected, they are artificially enlarged to the least acceptable
value.

2.2 Box Constraints? No

Several experiments with using box constraints in the form
(—5,5)" or (—6,6)” were carried out. Subjectively, the best
(the most regular) results were produced when the algorithm
was run completely unconstrained, i.e. no constraints are
used for the results presented in the next section.

2.3 The Crafting Effort

The algorithm has no additional parameters so that no
further tuning is necessary; the same setup is used for all
benchmark functions—the crafting effort CrE = 0.

2.4 Invariance Properties

Cauchy EDA is invariant with respect to translation and
rotation as can be seen in the next section on the graphs for
unrotated-rotated versions of Ellipsoid (2 and 10), Rastrigin
(3 and 15), or Rosenbrock (8 and 9) functions. The algo-
rithm uses fitness values only in the rank-based (truncation)
selection, thus it is also invariant against order-preserving
transformations of the fitness function.

3. EXPERIMENTAL PROCEDURE

The standard experimental procedure of BBOB was adopt-
ed: the algorithm was run on 24 test functions, 5 instances
each, 3 runs on each instance. Each run was finished

e after finding a solution with fitness difference Af <
1078, or

e after performing more than 5 - 10* x D function eval-
uations.

Each individual launch of the basic Cauchy EDA was inter-
rupted (and the algorithm was restarted)

e after finding a solution with fitness difference Af <
1078, or

e after performing more than the allowed number of func-
tion evaluations, or

e after the model converged too much, i.e. when
max; |O’Z‘ < 10_8.

4. RESULTS

Results from experiments according to [8] on the bench-
mark functions given in [4, 9] are presented in Figures 2 and
3 and in Table 2. The method solved at least 1 run (out of



15 runs) for 21 (2D), 16 (3D), 16 (5D), 15 (10D), and 10
(20D) out of 24 functions, respectively.

As it turned out, the effect of the restarting mechanism
is not large since the vast majority of runs ended up with
only 1 launch, i.e. the run either found the solution or was
stopped by the maximum allowed number of evaluations.
The third stopping criterion—stop if all o are below certain
threshold—was used only seldom.

5. CPU TIMING EXPERIMENT

The multistart algorithm was run with the maximal num-
ber of evaluations set to 10°, the basic algorithm was restarted
for at least 30 seconds. The average time demands were
51-107° 1.7-1075,9.4-107°% 8.6 -107% and 1.1-107°
seconds per function evaluation for 2-, 3-, 5-, 10-, and 20-
dimensional search space, respectively. The experiment was
conducted on Intel Core 2 CPU, T5600, 1.83 GHz, 1 GB
RAM with Windows XP SP3 in MATLAB R2007b.

6. CONCLUSIONS

The restarted EDA with Cauchy distribution turned out
to be effective for unimodal and ill-conditioned functions.
On the other hand, its performance is bad when solving mul-
timodal functions or functions with weak structure. Since it
needs large number of function evaluations, it is likely that
the restarting mechanism has only minor effect since only a
few restarts were actually performed.
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Figure 2: Expected Running Time (ERT, ®) to reach fo,: + Af and median number of function evaluations of
successful trials (+), shown for Af =10,1,107*,1072,107%,107°,107% (the exponent is given in the legend of f;
and fo24) versus dimension in log-log presentation. The ERT(Af) equals to #FEs(Af) divided by the number
of successful trials, where a trial is successful if fo,s + Af was surpassed during the trial. The #FEs(Af) are
the total number of function evaluations while f,,: + Af was not surpassed during the trial from all respective
trials (successful and unsuccessful), and fopc denotes the optimal function value. Crosses (%) indicate the total
number of function evaluations #FEs(—co). Numbers above ERT-symbols indicate the number of successful
trials. Annotated numbers on the ordinate are decimal logarithms. Additional grid lines show linear and
quadratic scaling.
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f1 in 5-D, N=15, mFE=9660 f1 in 20-D, N=15, mFE=454488 f2 in 5-D, N=15, mFE=14280 f2 in 20-D, N=15, mFE=602040
Af | # ERT 10% 90% RTgucc|# ERT 10% 90% RTsucc Af | # ERT 10% 90% RTgsucc |# ERT 10% 90% RTgsuce
10 15 4.5e2 3.8e2 5.3e2 4.5e2 |15 3.1e4 2.9e4 3.4e4 3.1e4 10 15 3.5e3 3.3e3 3.7e3 3.5e3 15 1.6e5 1.5e5 1.7e5 1.6e5
1 15 1.1e3 9.8e2 1.2e3 1.1e3 |15 7.0e4 6.6e4 T7.4ed 7.0e4 1 15 4.3e3 4.0e3 4.5e3 4.3e3 |15 2.0e5 1.9e5 2.1e5 2.0e5
le—1|15 2.1e3 1.9e3 2.2e3 2.1e3 |15 1.1e5 1.0e5 1.1e5 1.1e5 le—1|15 5.1e3 4.8e3 5.4e3 5.1e3 15 2.4e5 2.2e5 2.5e5 2.4e5
le—3|15 3.8e3 3.7e3 4.0e3 3.8e3 |15 1.9e5 1.7e5 2.0e5 1.9e5 le—3|15 7.2e3 6.9e3 7.6e3 7.2e3 15 3.1e5 2.9e5 3.3e5 3.1le5
le—5|15 5.7e3 5.5e3 5.8e3 5.7e3 |15 2.6e5 2.5e5 2.8e5 2.6e5 le—5|15 9.3e3 9.0e3 9.7e3 9.3e3 |15 3.9e5 3.7e5 4.leb 3.9e5
le—8|15 8.3e3 8.0e3 8.5e3 8.3e3 |15 3.7e5 3.6e5 3.9e5 3.7e5 le—8| 15 1.2e4 1.2e4 1.2e4 1.2e4 15 5.1e5 4.9e5 5.3e5 5.1e5
f3 in 5-D, N=15, mFE=250005 f3 in 20-D, N=15, mFE=1000152 f4a in 5-D, N=15, mFE=250005 f4 in 20-D, N=15, mFE=1000152
Af |# ERT 10% 90% RTsuycc |# ERT 10% 90% RTsucc Af |# ERT 10% 90% RTsuycc |# ERT 10% 90% RTsuce
10 15 4.8e3 4.2e3 5.5e3 4.8e3 0 69e+0 62e+0 Tje+0 5.6e5 10 15 6.9e4 5.6e4 8.2e4 6.9e4 0 1le+1 89e+0 12e+1 5.6e5
1 1 3.6e6 3.5e¢6 3.8e6 1.4e5 . . . . 1 0 78e-1 54e-1 9le-1 7.le4 B . . B
le—1| O 26e-1 14e-1 35e-1 1.0e5 le—1| . . B .
le—3| . . . . le—3
le—5 le—5
le—8 B B . B . B . . B le—8| . B B . . . B . . B
f5 in 5-D, N=15, mFE=1050 f5 in 20-D, N=15, mFE=11832 f6 in 5-D, N=15, mFE=59430 f6 in 20-D, N=15, mFE=1000152
Af | # ERT 10% 90% RTgucc|# ERT 10% 90% RTsucc Af | # ERT 10% 90% RTgucc |# ERT 10% 90% RTsucc
10 15 3.9e2 3.0e2 4.7e2 3.9e2 |15 6.6e3 5.9e3 7.4e3 6.6e3 10 15 1.0e4 9.1e3 1.2e4 1.0e4 10 1.3e6 1.3e6 1.4e6 8.8e5
1 15 4.1e2 3.3e2 5.1e2 4.le2 [15 6.7e3 5.9e3 7.5e3 6.7e3 1 15 1.5e4 1.3e4 1.6e4 1.5e4 5 3.0e6 3.0e6 3.0e6 9.9e5
le—1|15 4.1e2 3.2e2 5.0e2 4.le2 |15 6.7e3 5.9e3 7.6e3 6.7e3 le—1|15 1.9e4 1.8e4 2.0e4 1.9e4 0 17e-1 6le-2 2le+0 8.9e5
le—3|15 4.1e2 3.3e2 5.0e2 4.le2 |15 6.7e3 5.9e3 7.5e3 6.7e3 le—3 |15 2.Ted 2.6e4 2.9e4 2.7e4 . . . . .
le—5|15 4.1e2 3.3e2 5.0e2 4.le2 |15 6.7e3 5.9e3 7.5e3 6.7e3 le—5|15 3.7ed4d 3.5e4 3.9e4 3.7ed
le—8 |15 4.1e2 3.2e2 5.1e2 4.1e2 |15 6.7e3 6.0e3 7.5e3 6.7e3 le—8|15 4.9e4 4.7e4 5.led 4.9e4 . . . . .
f7 in 5-D, N=15, mFE=9450 | f7 in 20-D, N=15, mFE=386280 f8 in 5-D, N=15, mFE=22890 | f8 in 20-D, N=15, mFE=1000152
Af |# ERT 10% 90% RTsucc|# BERT 10% 90% RTsucc Af |# ERT 10% 90% RTsucc |# ERT 10% 90% RTsucc
10 15 7.9e2 6.9e2 8.9e2 7.9e2 [15 6.0e4 5.2e4 6.9e4 6.0e4 10 15 3.6e3 3.1e3 4.le3 3.6e3 15 3.9e5 3.5e5 4.2eb 3.9e5
1 15 1.6e3 1.5e3 1.7e3 1.6e3 |15 1.2e5 1l.1e5 1.3e5 1.2e5 1 15 8.5e3 8.0e3 9.le3 8.5e3 15 6.9e5 6.5e5 7.3e5 6.9e5
le—1|15 2.8e3 2.6e3 3.0e3 2.8e3 |15 1.7e5 1.6e5 1.8e5 1.7e5 le—1[15 1.1le4 1.1e4 1.2e4 1l.1e4 14 8.5e5 8.0e5 8.9e5 8.0e5
le—3|15 4.5e3 4.1e3 4.9e3 4.5e3 |15 2.2e5 2.leb 2.4e5 2.2e5 le—3|15 1.3e4 1.3e4 1l.4e4 1.3e4 12 1.1e6 1.1e6 1.2e6 8.8e5
le—5|15 4.5e3 4.1e3 4.9e3 4.5e3 |15 2.2e5 2.1e5 2.4e5 2.2e5 le—5|15 1.5e4 1.5e4 1.6e4 1.5e4 9 1.6e6 1.5e¢6 1.6e6 9.1e5
le—8|15 6.5e3 6.2e3 6.9e3 6.5e3 |15 2.4e5 2.2e5 2.6e5 2.4e5 le—8|15 1.8e4 1.7e4 1.9e4 1.8e4 4 3.7e6 3.7e6 3.7e6 9.9e5
f9 in 5-D, N=15, mFE=20475 | f9 in 20-D, N=15, mFE=1000152 f10 in 5-D, N=15, mFE=14280 | f10 in 20-D, N=15, mFE=559584
Af | # ERT 10% 90% RTsuycc |# ERT 10% 90% RTsuce Af |# ERT 10% 90% RTguce |# ERT 10% 90% RTsucc
10 15 2.5e3 2.1e3 2.8e3 2.5e3 15 3.3e5 3.1e5 3.5e5 3.3e5 10 15 3.7e3 3.4e3 3.9e3 3.7e3 15 1.5e5 1.4e5 1.6e5 1.5e5
1 15 6.9e3 6.2e3 7.6e3 6.9e3 |12 8.4e5 7.6e5 9.3e5 6.9e5 1 15 4.5e3 4.3e3 4.7e3 4.5e3 15 1.9e5 1.8e5 2.0e5 1.9e5
le—1[15 9.7e3 9.0e3 1.0e4 9.7e3 12 9.5e5 8.9e5 1.0e6 7.8e5 le—1|15 5.4e3 5.1e3 5.6e3 5.4e3 15 2.2e5 2.1e5 2.3e5 2.2e5
le—3|15 1.2e4 1.2e4 1.3e4 1.2e4 12 1.1e6 1.0e6 1.1le6 8.8e5 le—3|15 7.3e3 7.0e3 7.6e3 7.3e3 15 3.0e5 2.8e5 3.le5 3.0e5
le—5|15 1.4e4 1.3e4 1.5e4 l.4e4 8 1.7e¢6 1.6e6 1.8e6 9.0e5 le—5|15 9.3e3 9.0e3 9.5e3 9.3e3 15 3.7e5 3.5e5 3.8e5 3.7e5
le—8 |15 1.7e4 1.6e4 1.8e4 1.7e4 6 2.4e6 2.3e6 2.4e6 9.4e5 le—8 |15 1.2e4 1.2e4 1.3e4 1.2e4 15 4.8e5 4.6e5 4.9e5 4.8e5
f11 in 5-D, N=15, mFE=12495 f11 in 20-D, N=15, mFE=574896 f12 in 5-D, N=15, mFE=38745 f12 in 20-D, N=15, mFE=1000152
Af |# ERT 10% 90% RTsucc | # ERT 10% 90% RTsucc Af |# ERT 10% 90% RTsucc | # ERT 10% 90% RTsucc
10 15 2.5e3 2.3e3 2.8e3 2.5e3 15 6.4e4 6.0e4 6.9e4 6.4e4 10 15 8.6e3 7.9e3 9.2e3 8.6e3 13 5.3e5 4.2e5 6.4eb 4.9e5
1 15 3.4e3 3.2e3 3.7e3 3.4e3 15 9.8e4 9.1e4 1.leb 9.8e4 1 15 1.1e4 1.0e4 1.2e4 l.1e4 10 8.6e5 7.0e5 1.0e6 5.7e5
le—1|15 4.6e3 4.4e3 4.8e3 4.6e3 15 1.4e5 1.3e5 1.5e5 1.4e5 le—1[15 1.3e4 1.2e4 1l.4e4 1.3e4 9 1.1e6 9.9e5 1.3e6 6.7e5
le—3|15 6.3e3 6.0e3 6.6e3 6.3e3 15 2.2e5 2.1e5 2.3e5 2.2e5 le—3|15 1.8e4 1.6e4 1.9e4 1.8e4 8 1.6e6 1.5e6 1.7e6 8.6e5
le—5|15 8.2e3 7.8e3 8.5e3 8.2e3 15 3.0e5 2.8e5 3.2e5 3.0e5 le—5|15 2.2e4 2.0e4 2.4e4 2.2e4 3 4.9e6 4.8e6 5.0e6 1.0e6
le—8|15 1.1e4 1.le4 1.le4 l.1e4 15 4.3e5 4.0e5 4.6e5 4.3e5 le—8| 15 2.Te4 2.5e4 2.9e4 2.7Te4 0 52e-5 63e-8 1le+0 8.9e5
f13 in 5-D, N=15, mFE=20265 | f13 in 20-D, N=15, mFE=824064 f14 in 5-D, N=15, mFE=12180 | f14 in 20-D, N=15, mFE=604824
Af | # ERT 10% 90% RTsuce |# ERT 10% 90% RTsuce Af | # ERT 10% 90% RTsuce | # ERT 10% 90% RTsuce
10 15 2.8e3 2.6e3 2.9e3 2.8e3 15 1.4e5 1.3e5 1.5e5 1.4e5 10 15 2.3e2 1.7e2 2.9e2 2.3e2 15 2.1e4 1.9e4 2.3e4 2.1e4
1 15 4.6e3 4.4e3 4.8e3 4.6e3 15 2.1e5 2.0e5 2.2e5 2.1e5 1 15 1.2e3 1.0e3 1.3e3 1.2e3 15 6.3e4 5.8e4 6.8e4 6.3e4
le—1|15 6.3e3 6.1e3 6.6e3 6.3e3 15 2.8e5 2.7e5 2.9e5 2.8e5 le—1|15 2.3e3 2.1e3 2.5e3 2.3e3 15 1.1e5 9.7e4 1.2e5 1.1e5
le—3|15 9.7e3 9.4e3 1.0e4 9.7e3 15 4.3e5 4.1e5 4.4e5 4.3e5 le—3|15 4.5e3 4.3e3 4.8e3 4.5e3 15 2.0e5 1.8e5 2.1e5 2.0e5
le—5|15 1.3e4 1.3e4 1.3e4 1.3e4 15 5.6e5 5.4e5 5.8e5 5.6e5 le—5|15 7.0e3 6.7e3 7.3e3 7.0e3 15 3.0e5 2.8e5 3.leb 3.0e5
le—8|15 1.8e4 1.7e4 1.8e4 1.8e4 15 7.4eb5 7.2e5 7.7eb 7.4eb le—8|15 1.0e4 9.8e3 1.0e4 1.0e4 15 4.5e5 4.2e5 4.7e5 4.5e5
f15 in 5-D, N=15, mFE=250005 | f15 in 20-D, N=15, mFE=1000152 f16 in 5-D, N=15, mFE=250005 | f16 in 20-D, N=15, mFE=1000152
Af |# ERT 10% 90% RTsuce |# ERT 10% 90% RTsuce Af |# ERT 10% 90% RTsuce |# ERT 10% 90% RTsucc
10 15 6.4e3 4.5e3 8.4e3 6.4e3 0 67e+0 60e+0 73e+0 5.6e5 10 15 6.7e2 4.2e2 9.5e2 6.7e2 0 16e+0 14e+0 19e+0 4.0e5
1 2 1.7e6 1.6e6 1.9e6 2.5e5 . . . . B 1 4 T7.3e5 6.1e5 8.4eb5 2.5e5 . . B B .
le—1| 0 24e-1 8le-2 33e-1 1.3e5 le—1| 0 15e-1 43e-2 25e-1 1.1e5
le—3| . . . . le—3| . . . .
le—5 le—5
le—8| . . . B . . . . . B le—8| . . . . B . . . . .
f17 in 5-D, N=15, mFE=250005 | f17 in 20-D, N=15, mFE=1000152 f18 in 5-D, N=15, mFE=250005 | f18 in 20-D, N=15, mFE=1000152
Af | # ERT 10% 90% RTsyce | # BERT 10% 90% RTsuce Af | # ERT 10% 90% RTsuce |# ERT 10% 90% RTsuce
10 [15 2.3e2 1.5e2 3.0e2 2.3e2 15 1.6e4 1.2e4 2.0e4 1.6e4 10 [15 1.4e3 1.2e3 1.6e3 1.4e3 15 5.9e4 5.3e4 6.6e4 5.9e4
1 15 2.8e3 2.5e3 3.1le3 2.8e3 15 1.3e5 1.2e5 1.4e5 1.3e5 1 15 4.5e3 4.3e3 4.8e3 4.5e3 15 1.7e5 1.5e5 1.8e5 1.7e5
le—1|15 6.3e3 5.7e3 6.9e3 6.3e3 15 2.5e5 2.2e5 2.8e5 2.5e5 le—1|15 9.6e3 9.0e3 1.0e4 9.6e3 15 2.9e5 2.8e5 3.2e5 2.9e5
le—3|15 1.6e4 1.5e4 1.6e4 1.6e4 15 4.9e5 4.6e5 5.2e5 4.9e5 le—3|15 2.5e4 2.3e4 2.7e4d 2.5e4 13 7.8e5 7.2e5 8.5e5 7.le5
le—5|15 3.4e4 3.1e4 3.7e4 3.4e4 10 1.3e6 1.3e6 1.4e6 8.9e5 le—5(15 4.0e4 3.7e4 4.3e4 4.0e4 3 4.9¢6 4.8e6 5.0e6 1.0e6
le—8 |14 1.0e5 8.5e4 1.2e5 1.0e5 0 37e-7 20e-7 55e—6 8.9e5 le—8|14 1.1e5 8.9e4 1.3e5 1.0e5 0 25e-6 34e-7 T0e—4 8.9e5
f19 in 5-D, N=15, mFE=250005 | f19 in 20-D, N=15, mFE=1000152 f20 in 5-D, N=15, mFE=250005 | f20 in 20-D, N=15, mFE=1000152
Af |# ERT 10% 90% RTsuce |# ERT 10% 90% RTsucc Af |# ERT 10% 90% RTsuce |# ERT 10% 90% RTsuce
10 15 3.0e2 2.3e2 3.7e2 3.0e2 15 8.4e3 7.3e3 9.5e3 8.4e3 10 15 7.7e2 6.4e2 8.8e2 7.7e2 15 2.8e4 2.4e4 3.le4 2.8e4
1 15 2.1e4 1l.4e4 2.9e4 2.1e4 0 34e-1 3le-1 37e-1 4.5e5 1 7 3.9e5 3.3e5 4.6eb 1.7e5 0 27e-1 26e-1 28e-1 3.5e5
le—1| 0 48e-2 222 63e-2 1.3e5 . . . B le—1| O 1Ile-1 82e-2 13e-1 1.0e5
le—3| . . . . le—3| . . . .
le—5 le—5
le—8| . ) ) . . ) . . . . le—8| . . . . B . . . . .
f21 in 5-D, N=15, mFE=250005 | f21 in 20-D, N=15, mFE=1000152 f22 in 5-D, N=15, mFE=250005 | f22 in 20-D, N=15, mFE=1000152
Af |# ERT 10% 90% RTsuce # ERT 10%  90% RTsucc Af | # ERT 10% 90% RTsucc # ERT 10% 90% RTsuce
10 |15 8.1e2 4.9e2 1.2e3 8.1e2 10 5.7e5 3.7e5 7.7eb 2.5e5 10 [15 7.7e2 6.1e2 9.5e2 7.7e2 13 2.2e5 8.4e4 3.6e5 2.1e5
1 14 3.1e4 1.1e4 5.3e4 3.1le4 0 32e-1 20e-1 24e+0 4.0e5 1 11 1.1e5 6.3e4 1.6e5 5.6e4 2 6.6e6 5.7e6 7.3e6 1.0e6
le—1| 7 3.2e5 2.5e5 4.0e5 1.9e5 . . . . . le—1| 4 7.3e5 6.0e5 8.5e5 2.5e5 0 Sle-1 69e-2 1le+0 4.0e5
le—3| 4 7.2e5 5.9e5 8.4e5 2.5e5 le—3| 1 3.5e6 3.3e6 3.8e6 2.5e5 . . . . .
le—5| 4 7.2e5 6.1e5 8.4e5 2.5e5 le—5| 1 3.5e6 3.3e6 3.8e6 2.5e5
le—8| 4 7.3e5 6.0e5 8.4e5 2.5e5 . . . . B le—8| 1 3.5e6 3.3e6 3.8e6 2.5e5 B . . B .
f23 in 5-D, N=15, mFE=250005 | f23 in 20-D, N=15, mFE=1000152 f24 in 5-D, N=15, mFE=250005 | f24 in 20-D, N=15, mFE=1000152
Af |# ERT 10% 90% RTsuce | # BERT 10% 90% RTsucc Af |# ERT 10% 90% RTsuce |# ERT 10% 90% RTsucc
10 15 6.7e0 4.7e0 9.1e0 6.7e0 15 6.1e0 4.0e0 8.2e0 6.1e0 10 15 4.9e4 3.9e4 5.9e4 4.9e4 0 91e+0 74e+0 97e+0 6.3e5
1 14 1.2e5 8.9e4 1.5e5 1.2e5 0 19e-1 14e-1 21e-1 5.0e5 1 0 8le-1 66e-1 85e-1 1.3e5 . B B B .
le—1| 0 68e-2 49e-2 96e-2 1.6e5 le—1
le—3| . . . B le—3
le—5 le—5
le—8 le—8

Table 2: Shown are, for a given target difference to the optimal function value Af: the number of successful
trials (#); the expected running time to surpass fopt +Af (ERT, see Figure 2); the 10%-tile and 90%-tile of the
bootstrap distribution of ERT; the average number of function evaluations in successful trials or, if none was
successful, as last entry the median number of function evaluations to reach the best function value (RTsucc)-
If fopt + Af was never reached, figures in italics denote the best achieved A f-value of the median trial and
the 10% and 90%-tile trial. Furthermore, N denotes the number of trials, and mFE denotes the maximum

of number of function evaluations executed in one trial. See Figure 2 for the names of functions.
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Figure 3: Empirical cumulative distribution functions (ECDFs), plotting the fraction of trials versus running
time (left) or Af. Left subplots: ECDF of the running time (number of function evaluations), divided by
search space dimension D, to fall below fo,. +Af with Af = 10*, where k is the first value in the legend. Right
subplots: ECDF of the best achieved Af divided by 10* (upper left lines in continuation of the left subplot),
and best achieved Af divided by 107® for running times of D,10D,100D... function evaluations (from right
to left cycling black-cyan-magenta). Top row: all results from all functions; second row: separable functions;
third row: misc. moderate functions; fourth row: ill-conditioned functions; fifth row: multi-modal functions
with adequate structure; last row: multi-modal functions with weak structure. The legends indicate the
number of functions that were solved in at least one trial. FEvals denotes number of function evaluations, D
and DIM denote search space dimension, and Af and Df denote the difference to the optimal function value.
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