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ABSTRACT

This paper describes the application of a Gaussian Estima-
tion-of-Distribution (EDA) for real-valued optimization to
the noiseless part of a benchmark introduced in 2009 called
BBOB (Black-Box Optimization Benchmarking). Specifi-
cally, the EDA considered here is the recently introduced
parameter-free version of the Adapted Maximum-Likelihood
Gaussian Model Iterated Density-Estimation Evolutionary
Algorithm (AMaLGaM-IDEA). Also the version with incre-
mental model building (iAMaLGaM-IDEA) is considered.

Categories and Subject Descriptors

G.1.6 [Numerical Analysis|: OptimizationGlobal Opti-
mization, Unconstrained Optimization; F.2.1 [Analysis of
Algorithms and Problem Complexity]: Numerical Al-
gorithms and Problems

General Terms
Algorithms

Keywords

Benchmarking, Black-box optimization, Evolutionary com-
putation

1. METHOD

Estimation-of-distribution algorithms (EDAs) [7, 8] are
an important strand of research on black-box optimization
(BBO). EDAs attempt to automatically exploit features of a
problem’s structure by probabilistically modeling the search
space based on previously evaluated solutions and generat-
ing new solutions by sampling the probabilistic model.

The general EDA procedure is as follows. A population
P of n solutions is maintained. Through selection, a vector
S is selected from P. A probability distribution over the
solution space is then estimated using S as a data set. New
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solutions are generated by sampling the estimated probabil-
ity distribution. Finally, the newly generated samples are
incorporated into the population and the process repeats
until a termination criterion has been satisfied.

The EDA considered here is the Adapted Maximum-Like-
lihood Gaussian Model Iterated Density-Estimation Evo-
lutionary Algorithm (AMaLGaM-IDEA, or AMaLGaM for
short). In AMaLGaM, the probability distribution used is
the normal, also known as the Gaussian, distribution. This
EDA uses maximum-likelihood estimates for the mean and
the covariance matrix, estimated from the selected solutions.
It has a mechanism that scales up the covariance matrix
when required to prevent premature convergence on slopes.
It furthermore has a mechanism that anticipates the mean
shift in the next generation to speed up descent (in case of
minimization) along slopes. For a more extensive descrip-
tion, we refer the interested reader to the literature [1].

In addition to the above base procedure, recently a para-
meter-free version of AMaLGaM was introduced [3]. After
experimental analysis, settings were proposed for all param-
eters. Guidelines were developed for the minimally required
population size that allows unimodal problems to be solved.
On multimodal problems a restart mechanism is required
to increase the probability of success. The specific restart
scheme considered increases the number of solutions upon
each restart by alternating between two approaches: a sin-
gle run with a larger population and more parallel runs. To
maximize the joint global effect of the parallel runs, their lo-
cality is increased by starting them in separate regions that
are obtained from clustering the search space first. When in-
creasing the number of parallel runs, the subpopulation size
is also increased slightly so as to increase the robustness of
the more localized searches.

Distribution estimation in AMal.GaM is done anew from
scratch each generation. Subsequent iterations however have
much in common and therefore the required population size
can be reduced by incremental learning, i.e. combining the
distribution estimated from & with the distribution used in
the previous generation. In iAMalL.GaM a memory-decay
approach is taken to this end. On unimodal problems the
required population size was found to indeed be significantly
reduced while at the same time requiring less function eval-
uations to reach the same solution quality. Results on multi-
modal landscapes indicated however that if memory resources
are not very important, a larger base—population size helps



in optimizing multimodal problems, thus favoring the non-
incremental approach. For this reason we tested both AMal.-
GaM and iAMal.GaM on the BBOB benchmark.

Next to the full covariance matrix, two other versions of
AMal.GaM exist that reduce the number of distribution pa-
rameters to be estimated. One version uses Bayesian factor-
izations to select only the most important covariances while
another version allows only variances. If only a few depen-
dencies between problem variables exist, these methods out-
perform the use of the full covariance matrix in asymptotic
complexity for the scalability in terms of required function
evaluations and required time. These restrictions however
also render the EDA non-rotationally invariant and there-
fore less generally applicable. For this reason and for the
sake of space, we do not submit these variants to the BBOB
benchmark here. A closer look at the differences with the
full covariance matrix can be found in [3]; BBOB bench-
marks for additional variants are given in [2].

For technical completeness, pseudo-code is presented be-
low. A note on the pseudo-code: in iAMaLGaM, for 33(0) a
matrix with the ML variances on the diagonal and zeros off
the diagonal is used. Also, 1°""(¢) is non—existent for t = 0
and for t = 1 it is fi(1) — £(0). SDR stands for standard-
deviation ratio, NIS stands for no-improvement stretch.

(i) AMaLGaM-Free
1 s« 0;n"*° «— 17+ 3D"® (iAMaLGaM: n®*° «— 10D%)
2 do
3 if (s mod 2) = 0 then n «— (1 + s/2)n"**;p «— 2°/2
5 elsen« 21F/2pBae p
6  Run (i)AMaLGaM with population size n and p parallel runs,
starting from the clustering of np randomly generated solutions
into p clusters and using 7°°¢ « 0.9; 7™ « 1/nP"C; 95P* — 1;
7 0.35; ™™ — 17(n/(n —1)); 6*M° — 2; NISVA* 25+ D
7T s—s+1
8 while optimum not found and max. eval. not reached
() AMaLGaM
1 ,'72 — 1;n5hift — 1
(IAMaLGaM: nE(_I_e—l.lLfnjl‘z/Dl‘G;nshxfc<_1_€—l.2LrnJD’SI/DO‘EO)
2 c]\/lultiplier — 1; nA]\[S — O/AA\«IS(,H/ _ 1); NIS — O;t — 0
3 do
4 8 < the best [7n| solutions in P (truncation selection)
5 A - Ly,
6 () — (1-n®)B(t—1) + = 550 (Si—iat) (Si— (1))
7 ﬂShm(t) P (l_nshiﬂ)ﬂshm(t_l) + ﬁShm (/:L(t) —/:L(t— 1))
8  fu— fu(t); 3 — MU SI(1): [LL* — Cholesky decomp. of 33
9 Py « the best solution in &
10 Pi.n-1 —n—1samples from N(1,3) = 1 + LN(0,I)
11 for n*™% random solutions P; (1 <j<n—1)
12 do /PJ — /P] + 5Al\’lSC]\lulmplierﬂShif( (t)
13 if any P; better than Py (1<i<n-—1)
14 then
15 NIS « 0
16 if C]\{ultiplier < 1 then cl\lultipller — 1
17 &P average of all P; better than Py (1 <i<n—1)
18 SDR « maxo<i<p—1{ | (L~ (2™ — fi) ;
19 if SDR > GSDR then c]\[!xlti;)li(:r — ,,IINCCMualliL:r
20 else
21 if cMutiPlier <1 then NIS « NIS + 1
22 if (MU S 1) or (NIS > NISMAX)
23 then C]\«Iultiplier — DECCI\[ulLiplier
24 if (MUPler < 1) and (NIS < NISMAX) then cMlier 1
26 te—t+1
27 while opt. not found, max. eval. not reached and ¢M'*?ter > 1010

2. PARAMETERS AND OTHER SETTINGS

For initialization, a uniform sampling in [—5, 5]° was used,
where D denotes the dimension of the search space. The ex-
periments according to [5] on the benchmark functions given

in [4, 6] have been conducted using the provided C-code.
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The AMaLLGaM implementation used is also in C. A max-
imum of 10°D function evaluations is allowed. No changes
were made to parameter-free AMaLGaM as described in [3]
and as outlined above. Therefore no parameter tuning was
required and the crafting effort CrE [5] is zero.

3. CPU TIMING EXPERIMENT

For the timing experiment the full covariance matrix vari-
ant for both AMaLGaM and iAMaLGaM were run with a
maximum of 10°D function evaluations and restarted un-
til 30 seconds had passed (according to Figure 2 in [5]).
The experiments have been conducted on an Intel Q6600
Core2Quad 2.4 GHz processor under Fedora Linux release
10 (Cambridge). In 2, 3, 5, 10, 20 and 40 dimensions, the
time in 107 seconds per function evaluation was as follows:

2 3 5 |10 | 20 | 40
AMaLGaM |19 |22]3.0 |50 10 | 24
iAMaLGaM | 1.9 [ 23 | 3.0 |53 | 11 | 29

4. RESULTS AND CONCLUSION

Results from experiments according to [5] on the bench-
mark functions given in [4, 6] are presented in Figures 1 and
2 and in Table 1 for AMaL.GaM and in Figures 3 and 4 and
in Table 2 for iAMaLGaM.

Problems with weak structure appear to be the hardest
for (i)AMaLGaM. Even within 10°D evaluations the op-
timum cannot be found within a desirable precision, es-
pecially for larger D. The difference between AMalL.GaM
and iAMaL.GaM is not large which supports the design of
the population-size reducing incremental-learning approach
used. Consistent with earlier findings, the incremental ap-
proach is better on unimodal functions, whereas the non-
incremental approach is (slightly) better on multimodal func-
tions, most likely due to the larger base population-size.
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Figure 1: AMaLGaM: Expected Running Time (ERT, ®) to reach f.,: + Af and median number of function
evaluations of successful trials (4), shown for Af = 10,1,107*,1072,107®,107°,10"® (the exponent is given in
the legend of fi and f24) versus dimension in log-log presentation. The ERT(Af) equals to #FEs(Af) divided
by the number of successful trials, where a trial is successful if f,,« + Af was surpassed during the trial. The
#FEs(Af) are the total number of function evaluations while f,,c + Af was not surpassed during the trial
from all respective trials (successful and unsuccessful), and f.,: denotes the optimal function value. Crosses
(x) indicate the total number of function evaluations #FEs(—c0). Numbers above ERT-symbols indicate the
number of successful trials. Annotated numbers on the ordinate are decimal logarithms. Additional grid
lines show linear and quadratic scaling.
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f1 in 5-D, N=15, mFE=2108 | f1 in 20-D, N=15, mFE=32945 f2 in 5-D, N=15, mFE=2941 | f2 in 20-D, N=15, mFE=46861
Af |# ERT 10% 90% RTsucc|# ERT 10% 90% RTsucc Af |# ERT 10% 90% RTsucc|# ERT 10% 90% RTsycc
10 15 6.1el 5.2el 6.9el 6.lel |15 2.4e3 2.3e3 2.5e3 2.4e3 10 15 5.9e2 5.5e2 6.4e2 5.9e2 |15 1l.4ed4 1.3e4 1l.4e4 1.4e4
1 15 2.0e2 1.8e2 2.1e2 2.0e2 |15 5.7e3 5.2e3 6.2e3 5.7e3 1 15 8.7e2 8.0e2 9.5e2 8.7e2 |15 1.7e4 1.6e4d 1.Te4d 1.7e4
le—1|15 3.5e2 3.3e2 3.7e2 3.5e2 |15 8.5e3 7.9e3 9.2e3 8.5e3 le—1|15 1.1e3 1.0e3 1.2e3 1.1e3 |15 1.9e4 1.8e4 2.0ed 1.9e4
le—3|15 7.1e2 6.7e2 7.5e2 7.le2 |15 1l.4e4 1.3e4 1.5e4 l.4e4 le—3|15 1.6e3 1.5e3 1.7e3 1.6e3 |15 2.4e4 2.3e4 2.5e4 2.4e4
le—5|15 1.1e3 1.0e3 1.1e3 1.1e3 |15 1.9e4 1.8e4 2.0e4 1.9e4 le—5|15 1.9e3 1.8e3 2.0e3 1.9e3 |15 3.0e4 2.9e4 3.led 3.0e4
le—8|15 1.6e3 1.6e3 1.7e3 1.6e3 |15 2.6ed4 2.5ed 2.7ed 2.6e4d le—8 |15 2.5e3 2.4e3 2.6e3 2.5e3 |15 3.8e4 3.6ed4 3.9ed 3.8e4
f3 in 5-D, N=15, mFE=2.66¢6 | f3 in 20-D, N=15, mFE=2.00e7 f4 in 5-D, N=15, mFE=5.01e6 | f4 in 20-D, N=15, mFE=2.00e7
Af | # ERT 10% 90% RTsuce |# BERT 10% 90% RTgsuce Af | # ERT 10% 90% RTsuce |# ERT 10% 90% RTsucc
10 15 3.2e3 9.4e2 5.5e3 3.2e3 15 1.4e5 9.4e4 1.8eb 1.4e5 10 15 4.7e3 2.3e3 7.le3 4.7e3 0 14e+0 13e+0 15e+0 4.5e6
1 15 1.1e5 7.7Te4 1.4eb5 1.1e5 0 40e-1 30e-1 50e-1 5.6e5 1 2 3.3e7 1.8e7 >TeT 5.0e6 . . B
le—1|15 7.9e5 5.2e5 1.1e6 7.9e5 B . . . le—1| 0 20e-1 99e-2 30e-1 8.9e5
le—3|15 8.5e5 5.6e5 1.1e6 8.5eb le—3 . B B .
le—5|15 8.6e5 5.6e5 1.2¢e6 8.6e5 le—5
le—8|15 8.7e5 5.8e5 1.2e6 8.7eb . . . . . le—8| . . . . . . . . . .
f5 in 5-D, N=15, mFE=491 | f5 in 20-D, N=15, mFE=4545 f6 in 5-D, N=15, mFE=7498 | fg in 20-D, N=15, mFE=168697
Af |# ERT 10% 90% RTgsucc|# ERT 10% 90% RTsuce Af | # ERT 10% 90% RTsucc|# ERT 10% 90% RTgsuce
10 15 1.9e2 1.8e2 2.0e2 1.9e2 |15 3.0e3 2.8e3 3.2e3 3.0e3 10 15 3.6e2 3.2e2 4.0e2 3.6e2 |15 2.5e4 2.4e4 2.6e4 2.5e4
1 15 2.8e2 2.6e2 3.1e2 2.8e2 |15 3.2e3 3.0e3 3.4e3 3.2e3 1 15 9.1e2 8.3e2 1.0e3 9.1e2 15 3.8e4 3.7e4 4.0e4 3.8e4
le—1|15 2.9e2 2.7e2 3.1le2 2.9e2 |15 3.3e3 3.1e3 3.5e3 3.3e3 le—1[15 1.6e3 1.5e3 1.8e3 1.6e3 |15 5.2e4 5.0ed 5.4e4 5.2e4
le—3|15 2.9e2 2.7e2 3.1e2 2.9e2 |15 3.3e3 3.0e3 3.5e3 3.3e3 le—3|15 3.0e3 2.8e3 3.3e3 3.0e3 |15 8.le4 7.9e4 8.3e4d 8.le4
le—5|15 2.9e2 2.7e2 3.1e2 2.9e2 |15 3.3e3 3.1e3 3.5e3 3.3e3 le—5|15 4.4e3 4.2e3 4.7e3 4.4e3 |15 1.1e5 1.1e5 1l.1leb 1.1e5
le—8 |15 2.9e2 2.7e2 3.1le2 2.9e2 |15 3.3e3 3.0e3 3.5e3 3.3e3 le—8|15 6.7e3 6.4e3 6.9e3 6.7e3 |15 1.5e5 1.5e5 1.6e5 1.5e5
f7 in 5-D, N=15, mFE=14818 f7 in 20-D, N=15, mFE=21017 f8 in 5-D, N=15, mFE=5440 f8 in 20-D, N=15, mFE=116157
Af |# ERT 10% 90% RTgsucc |# ERT 10% 90% RTsucc Af |# ERT 10% 90% RTgucc|# ERT 10% 90% RTsucc
10 15 1.3e2 1.0e2 1.6e2 1.3e2 15 4.9e3 4.4e3 5.4e3 4.9e3 10 15 3.8e2 3.4e2 4.1e2 3.8e2 |15 4.0e4 3.9e4 4.led 4.0e4
1 15 3.2e2 2.8e2 3.8e2 3.2e2 15 8.8e3 8.2e3 9.4e3 8.8e3 1 15 1.7e3 1.5e3 1.8e3 1.7e3 |15 6.8e4 6.6e4 7.0ed 6.8e4
le—1|15 1.4e3 5.3e2 2.3e3 1.4e3 15 1.3e4 1.2e4 1.3e4 1.3e4 le—1|15 2.6e3 2.4e3 2.8e3 2.6e3 |15 7.7e4 7.5e4 T7.8e4 7.Ted
le—3|15 3.7e3 1.9e3 5.5e3 3.7e3 15 1.7e4 1.6e4 1.7e4 1.7e4 le—3|15 3.3e3 3.1e3 3.6e3 3.3e3 |15 8.6e4 8.5e4 8.8ed 8.6e4
le—5|15 3.7e3 1.9e3 5.5e3 3.7e3 15 1.7e4 1.6e4 1.Ted 1.7e4 le—5|15 3.8e3 3.5e3 4.0e3 3.8e3 |15 9.2e4 9.0ed 9.4e4 9.2e4
le—8| 15 4.0e3 2.2e3 5.7e3 4.0e3 15 1.8e4 1.7e4 1.9e4 1.8e4 le—8 |15 4.3e3 4.0e3 4.5e3 4.3e3 |15 1.0e5 9.7e4 1.0e5 1.0e5
f9 in 5-D, N=15, mFE=25268 | fg in 20-D, N=15, mFE=112465 £10 in 5-D, N=15, mFE=3382 | f10 in 20-D, N=15, mFE=46293
Af |# ERT 10% 90% RTsucc |# BERT 10% 90% RTsucc Af |# ERT 10% 90% RTsuce |# ERT 10% 90% RTsucc
10 15 3.2e2 2.9e2 3.4e2 3.2e2 15 3.8e4 3.8e4 3.9e4 3.8e4 10 15 6.8e2 6.1e2 7.6e2 6.8e2 15 1.3e4 1.3e4 1l.4e4 1.3e4
1 15 2.9e3 1.6e3 4.3e3 2.9e3 15 6.7e4 6.6e4 6.8e4 6.7e4d 1 15 9.2e2 8.3e2 1.0e3 9.2e2 15 1.7e4 1.6e4 1.8e4 1.7e4
le—1|15 3.9e3 2.5e3 5.4e3 3.9e3 15 7.5e4 T.4e4 T.6ed 7.5e4 le—1[15 1.2e3 1.1le3 1.3e3 1.2e3 15 2.0e4 1.9e4 2.le4 2.0e4
le—3|15 4.8e3 3.4e3 6.4e3 4.8e3 15 8.4e4 8.2e4 8.5e4 8.4e4 le—3|15 1.6e3 1.4e3 1.7e3 1.6e3 15 2.6e4 2.5e4 2.7e4d 2.6e4
le—5|15 5.3e3 3.8e3 6.9e3 5.3e3 15 8.9e4 8.8e4 9.le4 8.9e4 le—5|15 1.9e3 1.8e3 2.0e3 1.9e3 15 3.2e4 3.0e4 3.3e4 3.2e4
le—8|15 5.9e3 4.4e3 7.5e3 5.9e3 15 9.7e4 9.5e4 9.9e4 9.7e4 le—8|15 2.5e3 2.3e3 2.6e3 2.5e3 15 4.0e4 3.9e4 4.2e4 4.0e4
f11 in 5-D, N=15, mFE=2549 | f11 in 20-D, N=15, mFE=40045 f12 in 5-D, N=15, mFE=19209 | f12 in 20-D, N=15, mFE=144557
Af |# ERT 10% 90% RTgucc |# ERT 10% 90% RTsucc Af | # ERT 10% 90% RTsucc # ERT 10% 90% RTsuce
10 15 3.0e2 2.8e2 3.3e2 3.0e2 15 5.1e3 4.7e3 5.4e3 5.1e3 10 15 1.1e3 8.3e2 1.4e3 1.1e3 15 2.0e4 1.9e4 2.1le4 2.0e4
1 15 5.5e2 4.9e2 6.1e2 5.5e2 15 8.3e3 7.8e3 8.8e3 8.3e3 1 15 1.8e3 1.2e3 2.5e3 1.8e3 15 2.3e4 2.1e4 2.4e4 2.3e4
le—1|15 7.6e2 6.9e2 8.4e2 7.6e2 15 1.2e4 1l.1e4 1.2e4 1.2e4 le—1|15 3.2e3 2.3e3 4.1e3 3.2e3 15 3.6e4 3.3e4 3.9e4 3.6e4
le—3|15 1.2e3 1.1e3 1.3e3 1.2e3 15 1.7e4 1.6e4 1.8e4 1.7e4 le—3|15 4.9e3 3.8e3 6.0e3 4.9e3 15 6.4e4 6.0e4 6.7ed 6.4e4
le—5|15 1.5e3 1.4e3 1.6e3 1.5e3 15 2.3e4 2.1e4 2.4e4 2.3e4 le—5|15 6.6e3 5.3e3 8.0e3 6.6e3 15 9.5e4 9.1le4 9.8e4 9.5e4
le—8|15 2.0e3 1.9e3 2.2e3 2.0e3 15 3.2e4 3.0e4 3.3e4 3.2e4 le—8| 15 8.3e3 6.8e3 9.9e3 8.3e3 15 1.2e5 1.2e5 1.3e5 1.2e5
f13 in 5-D, N=15, mFE=4019 | f13 in 20-D, N=15, mFE=70149 f14 in 5-D, N=15, mFE=2892 | f14 in 20-D, N=15, mFE=42885
Af | # ERT 10% 90% RTguce |# ERT 10% 90% RTsuce Af | # ERT 10% 90% RTsuce |# ERT 10% 90% RTgucc
10 15 5.5e2 4.9e2 6.1e2 5.5e2 15 1.2e4 1.1e4 1.3e4 1.2e4 10 15 2.0el 1.5el 2.6el 2.0el 15 1.4e3 1.3e3 1.5e3 1.4e3
1 15 8.9e2 8.2e2 9.7e2 8.9e2 15 1.6e4 1.5e4 1.7e4 1.6e4 1 15 1.9e2 1.7e2 2.1le2 1.9e2 15 5.3e3 4.8e3 5.8e3 5.3e3
le—1|15 1.2e3 1.1e3 1.3e3 1.2e3 15 2.2e4 2.1e4 2.3e4 2.2e4 le—1|15 3.5e2 3.3e2 3.8e2 3.5e2 15 9.1e3 8.4e3 9.9e3 9.1e3
le—3|15 1.9e3 1.8e3 2.0e3 1.9e3 15 3.1e4 3.0e4 3.2e4 3.1e4 le—3|15 8.1e2 7.5e2 8.7e2 8.1e2 15 1.6e4 1.5e4 1.6e4 1.6e4
le—5|15 2.5e3 2.4e3 2.7e3 2.5e3 15 4.2e4 4.2e4 4.3e4 4.2e4 le—5|15 1.3e3 1.2e3 1.4e3 1.3e3 15 2.3e4 2.2e4 2.5e4 2.3e4
le—8|15 3.5e3 3.4e3 3.6e3 3.5e3 15 5.8e4 5.7ed 5.9e4 5.8e4 le—8|15 2.1e3 1.9e3 2.2e3 2.1e3 15 3.4e4 3.3e4 3.6e4 3.4e4
f15 in 5-D, N=15, mFE=622081 | f15 in 20-D, N=15, mFE=1.12e6 f16 in 5-D, N=15, mFE=255129 | f16 in 20-D, N=15, mFE=2.48¢6
Af |# ERT 10% 90% RTsuce |# ERT 10% 90%  RTsucc Af |# ERT 10% 90% RTsuce |# ERT 10% 90%  RTsucc
10 15 8.5e2 7.7e2 9.4e2 8.5e2 15 4.7e4 2.7Te4d 6.6e4 4.7Ted 10 15 3.7e2 2.8e2 4.6e2 3.7Te2 15 1.9e4 1.8e4 2.1e4 1.9e4
1 15 2.5e4 2.1e4 2.9e4 2.5e4 15 3.0e5 2.5e5 3.4eb 3.0e5 1 15 8.9e3 3.3e3 1.5e4 8.9e3 15 9.1e4 6.3e4 1.2e5 9.1e4
le—1|15 1.0e5 6.1e4 1.5e5 1.0e5 15 5.3e5 4.3e5 6.3e5 5.3eb le—1|15 3.1e4 1.9e4 4.3e4 3.1e4 15 4.0e5 3.0e5 5.1eb 4.0eb5
le—3|15 1.0e5 6.1e4 1.5e5 1.0e5 15 5.4e5 4.5e5 6.4e5 5.4eb5 le—3|15 5.1e4 3.led T7.2e4 5.1e4 15 1.2e6 9.1e5 1.4e6 1.2e6
le—5|15 1.0e5 6.2e4 1.5e5 1.0e5 15 5.6e5 4.6e5 6.6e5 5.6e5 le—5|15 6.4e4 4.3e4 8.7ed 6.4e4 15 1.2e6 9.7e5 1.5e6 1.2e6
le—8|15 1.1eb5 6.4e4 1.5e5 1.1e5 15 5.8e5 4.8e5 6.8e5 5.8eb le—8|15 6.5e4 4.4e4 8.8e4 6.5e4 15 1.3e6 1.0e6 1.5e6 1.3e6
f17 in 5-D, N=15, mFE=48296 f17 in 20-D, N=15, mFE=611698 f18 in 5-D, N=15, mFE=91310 f18 in 20-D, N=15, mFE=1.45¢6
Af |# ERT 10% 90% RTsucc # ERT 10% 90% RTsuce Af |# ERT 10% 90% RTsuce # ERT 10% 90% RTsucc
10 15 2.0el 1.2el 2.9el 2.0el 15 8.6e2 7.1e2 1.0e3 8.6e2 10 15 1.6e2 1.4e2 1.9e2 1.6e2 15 4.5e3 4.0e3 5.1e3 4.5e3
1 15 3.2e2 2.8e2 3.6e2 3.2e2 15 8.0e3 T7.4e3 8.5e3 8.0e3 1 15 6.5€2 5.7e2 7.4e2 6.5e2 15 1.2e4 1l.le4 1.3e4 1.2e4
le—1|15 2.4e3 7.3e2 4.1e3 2.4e3 15 1.7e4 1.6e4 1.8e4 1.7e4 le—1|15 7.8e3 4.1e3 1.2e4 7.8e3 15 2.0e4 1.9e4 2.1le4 2.0e4
le—3|15 1.0e4 5.5e3 1.5e4 1.0e4 15 1.4e5 8.7e4 2.0e5 1.4e5 le—3|15 2.2e4 1.5e4 3.0e4 2.2e4 15 1.2e5 6.5e4 1.7eb 1.2e5
le—5|15 2.1e4 1.7e4 2.6e4 2.1le4 15 2.8e5 2.1e5 3.6e5 2.8e5 le—5|15 3.7e4 3.0e4 4.4e4 3.7Ted 15 3.6e5 3.1eb5 4.2e5 3.6e5
le—8 |15 2.9e4 2.5e4 3.2e4 2.9e4 15 4.7e5 4.1e5 5.2e5 4.7eb le—8| 15 3.9e4 3.2e4 4.7e4d 3.9e4 15 5.5e5 4.7e5 6.4eb 5.5eb
f19 in 5-D, N=15, mFE=1.35e6 | f19 in 20-D, N=15, mFE=2.00e7 f20 in 5-D, N=15, mFE=3.04e6 | f20 in 20-D, N=15, mFE=2.00e7
Af |# ERT 10% 90% RTsuce |# ERT 10% 90%  RTsucc Af |# ERT 10% 90% RTsuce |# ERT 10% 90%  RTsucc
10 15 3.8el 3.4el 4.3el 3.8el 15 7.4e2 6.9e2 7.8e2 7.4e2 10 15 6.3el 5.5el 7.lel 6.3el 15 1.7e3 1.6e3 1.8e3 1.7e3
1 15 1.1e3 8.9e2 1.4e3 1.1e3 15 3.4e4 3.2e4 3.5e4 3.4e4 1 15 2.4e4 1.6e4 3.3e4 2.4e4 15 4.1e6 3.5e6 4.7e6 4.1e6
le—1|15 8.8e4 5.7e4 1.2e5 8.8e4 14 2.6e6 2.7e5 5.3¢6 1.6e6 le—1|15 9.2e5 6.3e5 1.2¢e6 9.2e5 0 68e-2 47e-2 T7e-2 1.8e7
le—3|15 5.1e5 4.0e5 6.2e5 5.1e5 5 5.5e7 3.8e7 9.3eT7 2.0e7 le—3|15 9.5e5 6.4e5 1.3e6 9.5e5 . . . .
le—5|15 5.1e5 4.0e5 6.3e5 5.1e5 5 5.5e7 3.8e7 9.3e7 2.0e7 le—5|15 9.6e5 6.4e5 1.3e6 9.6e5
le—8|15 5.1e5 4.0e5 6.3e5 5.1e5 5 5.5e7 3.7Te7 9.3eT 2.0e7 le—8|15 9.7e5 6.6e5 1.3e6 9.7e5 B . . . .
f21 in 5-D, N=15, mFE=484694 | f21 in 20-D, N=15, mFE=2.00e7 f22 in 5-D, N=15, mFE=291492 | f22 in 20-D, N=15, mFE=2.00e7
Af |# ERT 10% 90% RTsucc # ERT 10% 90% RTsucc Af |# ERT 10% 90% RTsuce # ERT 10% 90% RTsuce
10 15 1.2e2 9.4el 1.6e2 1.2e2 15 2.8e4 3.9e3 5.3e4 2.8e4 10 15 2.1e2 1.7e2 2.6e2 2.1e2 15 3.8e3 3.3e3 4.3e3 3.8e3
1 15 4.3e4 1.0e4 7.7e4 4.3e4 10 1.6e7 1.0e7 2.3e7 8.6e6 1 15 7.4e3 3.5e3 1.2e4 7.4e3 11 1.1e7 6.9e6 1.5e7 8.6e6
le—1|15 5.8e4 2.2e4 9.5e4 5.8e4 9 2.2e7 1.6e7 3.2e7 1.2e7 le—1|15 5.5e4 2.9e4 8.3e4 5.5e4 0 69e-2 69e-2 20e-1 4.0e4
le—3|15 6.2e4 2.5e4 1.1leb 6.2e4 9 2.2e7 1.6e7 3.2eT 1.2e7 le—3|15 7.0e4 3.7e4 1.0eb 7.0e4 B . . .
le—5|15 6.5e4 2.3e4 1.1eb 6.5e4 9 2.2e7 1.6e7 3.2e7 1.2e7 le—5|15 7.1e4 3.8e4 1.0e5 7.le4
le—8 |15 6.7e4 2.8e4 1.1leb 6.7ed 9 2.2e7 1.6e7 3.2e7 1.2e7 le—8 |15 7.2e4 3.7Ted 1.1leb 7.2e4 B . . . .
f23 in 5-D, N=15, mFE=98806 | f23 in 20-D, N=15, mFE=5.83¢6 f24 in 5-D, N=15, mFE=5.01e6 | f24 in 20-D, N=15, mFE=2.00e7
Af |# ERT 10% 90% RTsuce |# ERT 10% 90%  RTsucc Af |# ERT 10% 90% RTsuce |# ERT 10% 90%  RTsucc
10 15 5.2e0 3.8e0 6.6e0 5.2e0 15 5.6e0 3.8e0 7.5e0 5.6e0 10 15 5.3e3 3.0e3 7.9e3 5.3e3 15 6.8e6 5.2e6 8.4e6 6.8e6
1 15 3.6e3 3.2e3 4.1le3 3.6e3 15 3.7e4 3.3e4 4.0e4 3.7Ted 1 15 5.3e5 4.5e5 6.1e5 5.3eb5 2 1.4e8 7.4e7 >3e8 2.0e7
le—1|15 2.6e4 1.7ed 3.6e4 2.6e4 15 7.6e4 5.1e4 1.0e5 7.6e4d le—1| 5 1.3e7 9.0e6 2.3e7 4.9e6 0 23e-1 90e-2 37e-1 7.9e6
le—3 |15 3.2e4 2.2e4 4.2e4 3.2e4 15 4.9e5 3.7e5 6.2e5 4.9e5 le—3| 2 3.6e7 1.9e7 >T7e7 5.0e6 . . . . .
le—5|15 3.3e4 2.3e4 4.4e4 3.3e4 15 8.1e5 4.1e5 1.2e6 8.1eb le—5| 1 7.2e7 3.5e7 >TeT 5.0e6
le—8 |15 3.5e4 2.4e4 4.6e4 3.5e4 15 8.5e5 4.4e5 1.3e6 8.5e5 le—8| 1 7.2e7 3.5e7 >TeT 5.0e6
Table 1: AMaLGaM: Shown are, for a given target difference to the optimal function value Af:

of functions.
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the number
of successful trials (#); the expected running time to surpass fopt + Af (ERT, see Figure 1); the 10%-tile
and 90%-tile of the bootstrap distribution of ERT; the average number of function evaluations in successful
trials or, if none was successful, as last entry the median number of function evaluations to reach the best
function value (RTsucc). If fopt + Af was never reached, figures in italics denote the best achieved A f-value
of the median trial and the 10% and 90%-tile trial. Furthermore, N denotes the number of trials, and mFE
denotes the maximum of number of function evaluations executed in one trial. See Figure 1 for the names
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Figure 2: AMaLGaM: Empirical cumulative distribution functions (ECDFs), plotting the fraction of trials
versus running time (left) or Af. Left subplots: ECDF of the running time (number of function evaluations),
divided by search space dimension D, to fall below fo,x + Af with Af = 10*, where k is the first value in
the legend. Right subplots: ECDF of the best achieved Af divided by 10* (upper left lines in continuation
of the left subplot), and best achieved Af divided by 1078 for running times of D,10D,100D... function
evaluations (from right to left cycling black-cyan-magenta). Top row: all results from all functions; second
row: separable functions; third row: misc. moderate functions; fourth row: ill-conditioned functions; fifth
row: multi-modal functions with adequate structure; last row: multi-modal functions with weak structure.
The legends indicate the number of functions that were solved in at least one trial. FEvals denotes number
of function evaluations, D and DIM denote search space dimension, and Af and Df denote the difference to
the optimal function value.
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Figure 3: iAMaLGaM: Expected Running Time (ERT, ®) to reach fo; + Af and median number of function
evaluations of successful trials (4), shown for Af = 10,1,107*,1072,107®,107°,10"® (the exponent is given in
the legend of fi and f24) versus dimension in log-log presentation. The ERT(Af) equals to #FEs(Af) divided
by the number of successful trials, where a trial is successful if f,,« + Af was surpassed during the trial. The
#FEs(Af) are the total number of function evaluations while f,,c + Af was not surpassed during the trial
from all respective trials (successful and unsuccessful), and f.,: denotes the optimal function value. Crosses
(x) indicate the total number of function evaluations #FEs(—c0). Numbers above ERT-symbols indicate the
number of successful trials. Annotated numbers on the ordinate are decimal logarithms. Additional grid
lines show linear and quadratic scaling.
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f1 in 5-D, N=15, mFE=1198 | f1 in 20-D, N=15, mFE=13503 f2 in 5-D, N=15, mFE=2206 | f2 in 20-D, N=15, mFE=22791
Af |# ERT 10% 90% RTsucc|# ERT 10% 90% RTsucc Af |# ERT 10% 90% RTsucc|# ERT 10% 90% RTsycc
10 15 2.7el 2.2el 3.3el 2.7el |15 1.2e3 1.1e3 1.2e3 1.2e3 10 15 5.2e2 4.7e2 5.8e2 5.2e2 |15 8.6e3 8.3e3 8.8e3 8.6e3
1 15 1.2e2 1.1e2 1.3e2 1.2e2 |15 2.5e3 2.4e3 2.5e3 2.5e3 1 15 7.1e2 6.5e2 7.7e2 7.1e2 |15 1.0e4 1.0e4 1l.le4 1.0e4
le—1|15 2.3e2 2.2e2 2.5e2 2.3e2 |15 3.8e3 3.8e3 3.8e3 3.8e3 le—1|15 8.8e2 8.1e2 9.5e2 8.8e2 |15 1.2e4 1l.led 1.2e4 1.2e4
le—3|15 4.4e2 4.2e2 4.7e2 4.4e2 |15 6.3e3 6.2e3 6.3e3 6.3e3 le—3|15 1.2e3 1.1e3 1.2e3 1.2e3 |15 1l.4e4 1.4e4 1l.4e4 1l.4e4
le—5|15 6.8e2 6.5e2 7.0e2 6.8e2 |15 8.8e3 8.8e3 8.9e3 8.8e3 le—5|15 1.4e3 1.3e3 1.5e3 1.4e3 |15 1.7e4 1.6e4 1.7e4 1.7e4
le—8|15 1.0e3 9.7e2 1.0e3 1.0e3 |15 1.3e4 1.3e4 1.3ed 1.3e4 le—8|15 1.7e3 1.6e3 1.8e3 1.7e3 |15 2.1ed4 2.0ed 2.1led 2.1e4
f3 in 5-D, N=15, mFE=2.13¢6 | f3 in 20-D, N=15, mFE=2.00e7 f4 in 5-D, N=15, mFE=5.01e6 | f4 in 20-D, N=15, mFE=2.00e7
Af | # ERT 10% 90% RTgsuce |# BERT 10% 90% RTgsucc Af | # ERT 10% 90% RTsuce |# ERT 10% 90% RTsucc
10 15 9.8e2 4.4e2 1.5e3 9.8e2 15 1.9e5 1.5e5 2.3eb 1.9e5 10 15 3.1e3 1.9e3 4.4e3 3.1e3 0 13e+0 12e+0 15e+0 7.9e6
1 15 5.4e4 3.6e4 T7.3e4 5.4e4 2 1.3e8 7.1e7 >3e8 2.0e7 1 2 3.4e7 1.7e7 >TeT 2.8e6 . . B
le—1|15 2.9e5 1.5e5 4.5e5 2.9e5 0 20e-1 99e-2 40e-1 6.3e6 le—1| 0 20e-1 99e-2 20e-1 7.1leb
le—3|15 3.0e5 1.5e5 4.6e5 3.0e5 B . . . le—3| . . B B .
le—5|15 3.1e5 1.6e5 4.7eb 3.1eb le—5
le—8|15 3.1e5 1.6e5 4.9e5 3.1eb . . . . . le—8| . . . . . . . . . .
f5 in 5-D, N=15, mFE=232 f5 in 20-D, N=15, mFE=689 f6 in 5-D, N=15, mFE=4600 | fg in 20-D, N=15, mFE=68285
Af | # ERT 10% 90% RTsycc|# BERT 10% 90% RTsyce Af | # ERT 10% 90% RTguce|# ERT 10% 90% RTsucc
10 15 7.1el 6.2el 7.9el 7.lel 15 4.0e2 3.7e2 4.3e2 4.0e2 10 15 2.4e2 2.1e2 2.7e2 2.4e2 15 7.0e3 6.8e3 T7.2e3 7.0e3
1 15 1.1e2 9.4el 1.2e2 1.1e2 |15 4.6e2 4.3e2 4.8e2 4.6e2 1 15 5.0e2 4.5e2 5.5e2 5.0e2 15 1.2e4 1.2e4 1.2e4 1.2e4
le—1|15 1.2e2 1.0e2 1.3e2 1.2e2 (15 4.6e2 4.4e2 4.8e2 4.6e2 le—1[15 8.9e2 7.9e2 9.9e2 8.9e2 15 1.8e4 1.7e4 1.8e4 1.8e4
le—3|15 1.2e2 1.0e2 1.3e2 1.2e2 |15 4.6e2 4.4e2 4.8e2 4.6e2 le—3|15 1.6e3 1.5e3 1.7e3 1.6e3 15 2.9e4 2.7e4 3.0e4 2.9e4
le—5|15 1.2e2 1.0e2 1.3e2 1.2e2 |15 4.6e2 4.4e2 4.8e2 4.6e2 le—5|15 2.3e3 2.1e3 2.4e3 2.3e3 15 4.0e4 3.8e4 4.2e4 4.0e4
le—8|15 1.2e2 1.0e2 1.3e2 1.2e2 |15 4.6e2 4.4e2 4.8e2 4.6e2 le—8|15 3.5e3 3.3e3 3.6e3 3.5e3 15 5.6e4 5.4e4 5.8e4 5.6e4
f7 in 5-D, N=15, mFE=20656 f7 in 20-D, N=15, mFE=71517 f8 in 5-D, N=15, mFE=11429 f8 in 20-D, N=15, mFE=116850
Af |# ERT 10% 90% RTgucc |# ERT 10% 90% RTgsucc Af |# ERT 10% 90% RTgucc | # ERT 10% 90% RTsuce
10 15 8.9el 7.6el 1.0e2 8.9el 15 2.3e3 2.3e3 2.4e3 2.3e3 10 15 2.5e2 2.3e2 2.7e2 2.5e2 15 1.7e4 1.6e4 1.7e4 1.7e4
1 15 6.3e2 2.6e2 1.0e3 6.3e2 15 4.3e3 4.0e3 4.6e3 4.3e3 1 15 2.1e3 1.1e3 3.0e3 2.1e3 15 3.4e4 2.9e4 4.0e4 3.4e4
le—1|15 3.5e3 2.7e3 4.3e3 3.5e3 15 9.5e3 6.8e3 1.2e4 9.5e3 le—1|15 2.6e3 1.6e3 3.6e3 2.6e3 15 3.8e4 3.3e4 4.4e4 3.8e4
le—3|15 5.8e3 4.5e3 7.5e3 5.8e3 15 2.2e4 1.5e4 2.9e4 2.2e4 le—3|15 3.0e3 2.1e3 4.0e3 3.0e3 15 4.2e4 3.7Te4 4.7e4 4.2e4
le—5|15 5.8e3 4.5e3 7.5e3 5.8e3 15 2.2e4 1.5e4 2.9e4 2.2e4 le—5|15 3.3e3 2.4e3 4.4e3 3.3e3 15 4.5e4 3.9e4 5.0e4 4.5e4
le—8|15 6.1e3 4.7e3 7.8e3 6.1e3 15 2.3e4 1.6e4 3.0e4 2.3e4 le—8 |15 3.7e3 2.7e3 4.7e3 3.7e3 15 4.9e4 4.3e4 5.4e4 4.9e4
f9 in 5-D, N=15, mFE=13398 | fg in 20-D, N=15, mFE=121138 £10 in 5-D, N=15, mFE=2458 | f10 in 20-D, N=15, mFE=23694
Af |# ERT 10% 90% RTsucc |# BERT 10% 90% RTsucc Af |# ERT 10% 90% RTsuce |# ERT 10% 90% RTsucc
10 15 2.4e2 2.3e2 2.6e2 2.4e2 15 1.7e4 1.6e4 1.8e4 1.7e4 10 15 6.3e2 5.6e2 7.1le2 6.3e2 15 9.5e3 9.1e3 9.8e3 9.5e3
1 15 2.8e3 1.7e3 3.9e3 2.8e3 15 3.4e4 2.9e4 4.0e4 3.4e4 1 15 8.1e2 7.2e2 9.1e2 8.1e2 15 1.1e4 1.1e4 1.1le4 1.1e4
le—1|15 3.3e3 2.1e3 4.5e3 3.3e3 15 3.8e4 3.3e4 4.4ed 3.8e4 le—1[15 1.0e3 8.9e2 1.le3 1.0e3 15 1.2e4 1.2e4 1.3e4 1.2e4
le—3|15 3.8e3 2.6e3 5.1e3 3.8e3 15 4.2e4 3.7Te4 4.8e4 4.2e4 le—3|15 1.3e3 1.2e3 1.4e3 1.3e3 15 1.5e4 1.5e4 1.5e4 1.5e4
le—5|15 4.1e3 2.9e3 5.4e3 4.1e3 15 4.5e4 3.9e4 5.le4 4.5e4 le—5|15 1.5e3 1.4e3 1.6e3 1.5e3 15 1.8e4 1.7e4 1.8e4 1.8e4
le—8|15 4.5e3 3.3e3 5.8e3 4.5e3 15 4.9e4 4.3e4 5.5e4 4.9e4 le—8|15 1.9e3 1.8e3 2.0e3 1.9e3 15 2.1e4 2.le4 2.2e4 2.1e4
f11 in 5-D, N=15, mFE=2248 f11 in 20-D, N=15, mFE=18491 f12 in 5-D, N=15, mFE=7372 f12 in 20-D, N=15, mFE=67898
Af | # ERT 10% 90% RTsucc | # ERT 10% 90% RTsucc Af | # ERT 10% 90% RTsucc |# BERT 10% 90% RTsuce
10 15 4.9e2 4.3e2 5.5e2 4.9e2 15 4.4e3 4.2e3 4.7e3 4.4e3 10 15 7.5e2 6.6e2 8.4e2 7.5e2 15 9.0e3 8.9e3 9.2e3 9.0e3
1 15 7.8e2 6.9e2 8.6e2 7.8e2 15 6.0e3 5.7e3 6.3e3 6.0e3 1 15 1.1e3 1.0e3 1.3e3 1.1e3 15 1.3e4 1.0e4 1.5e4 1.3e4
le—1|15 9.4e2 8.6e2 1.0e3 9.4e2 15 7.2e3 6.9e3 7.5e3 7.2e3 le—1|15 1.5e3 1.3e3 1.6e3 1.5e3 15 2.0e4 1.7ed 2.2e4 2.0e4
le—3|15 1.2e3 1.1e3 1.3e3 1.2e3 15 9.8e3 9.5e3 1.0e4 9.8e3 le—3|15 2.2e3 1.9e3 2.4e3 2.2e3 15 3.2e4 3.0e4 3.5e4 3.2e4
le—5|15 1.5e3 1.4e3 1.6e3 1.5e3 15 1.2e4 1.2e4 1.3e4 1.2e4 le—5|15 2.8e3 2.4e3 3.1le3 2.8e3 15 4.4e4 4.2e4 4.Te4d 4.4e4
le—8|15 1.8e3 1.7e3 1.9e3 1.8e3 15 1.6e4 1.6e4 1.6e4 1.6e4 le—8|15 3.6e3 3.2e3 4.1le3 3.6e3 15 5.7e4 5.5e4 5.9e4 5.7Ted
f13 in 5-D, N=15, mFE=3025 | f13 in 20-D, N=15, mFE=40034 f14 in 5-D, N=15, mFE=1975 | f14 in 20-D, N=15, mFE=20254
Af | # ERT 10% 90% RTguce |# ERT 10% 90% RTsucc Af | # ERT 10% 90% RTsuce |# BERT 10% 90% RTgucc
10 15 3.5e2 3.3e2 3.6e2 3.5e2 15 5.6e3 5.6e3 5.7e3 5.6e3 10 15 1.3el 9.9e0 1.7el 1.3el 15 7.9e2 7.5e2 8.4e2 7.9e2
1 15 5.8e2 5.5e2 6.0e2 5.8e2 15 8.4e3 8.2e3 8.5e3 8.4e3 1 15 1.1e2 9.7el 1.2e2 1.1e2 15 2.2e3 2.2e3 2.3e3 2.2e3
le—1|15 8.1e2 7.8e2 8.5e2 8.1e2 15 1.2e4 1.1e4 1.2e4 1.2e4 le—1|15 2.5e2 2.3e2 2.7e2 2.5e2 15 3.8e3 3.8e3 3.9e3 3.8e3
le—3|15 1.3e3 1.2e3 1.4e3 1.3e3 15 1.9e4 1.8e4 2.0e4 1.9e4 le—3|15 5.7e2 5.4e2 6.1le2 5.7e2 15 7.3e3 7.2e3 7.4e3 7.3e3
le—5|15 1.8e3 1.7e3 1.8e3 1.8e3 15 2.4e4 2.4e4 2.5e4 2.4e4 le—5|15 9.1e2 8.6e2 9.6e2 9.1e2 15 1.1e4 1l.1le4 1.2e4 1.1e4
le—8|15 2.5e3 2.4e3 2.6e3 2.5e3 15 3.3e4 3.2e4 3.4e4 3.3e4 le—8|15 1.5e3 1.4e3 1.6e3 1.5e3 15 1.8e4 1.7e4 1.8e4 1.8e4
f15 in 5-D, N=15, mFE=485369 | f15 in 20-D, N=15, mFE=4.85¢6 f16 in 5-D, N=15, mFE=223478 | f16 in 20-D, N=15, mFE=1.58e7
Af |# ERT 10% 90%  RTsuce |# ERT 10% 90%  RTsucc Af |# ERT 10% 90% RTsuce |# ERT 10% 90%  RTsucc
10 15 5.1e2 4.6e2 5.6e2 5.1e2 15 8.4e4 6.3e4 1.1eb5 8.4e4 10 15 2.3e2 1.7e2 3.0e2 2.3e2 15 5.0e3 4.7e3 5.2e3 5.0e3
1 15 6.6e4 4.6e4 8.6e4 6.6e4 15 2.0e6 1.7e6 2.4e6 2.0e6 1 15 5.3e3 2.5e3 8.2e3 5.3e3 15 4.6e4 2.9e4 6.4e4 4.6e4
le—1|15 1.8e5 1.4e5 2.2eb 1.8e5 15 2.3e6 2.0e6 2.7e6 2.3e6 le—1|15 1.5e4 1.1ed4 1.9e4 1.5e4 15 1.0e6 7.6e5 1.3e6 1.0e6
le—3|15 1.8e5 1l.4e5 2.3e5 1.8e5 15 2.4e6 2.0e6 2.7e6 2.4e6 le—3|15 6.1ed4 4.7Ted T7.6ed 6.1e4d 15 5.4e6 4.1e6 6.7e6 5.4e6
le—5|15 1.8e5 1.4e5 2.3e5 1.8e5 15 2.4e6 2.0e6 2.7e6 2.4e6 le—5|15 7.5e4 5.7ed4 9.6e4 7.5e4 15 5.6e6 4.3e6 7.0e6 5.6e6
le—8|15 1.8e5 1.4e5 2.3eb 1.8e5 15 2.4e6 2.1e6 2.8¢6 2.4e6 le—8|15 8.3e4 6.6e4 1.0eb 8.3e4 15 5.7e6 4.5e¢6 7.1e6 5.7e6
f17 in 5-D, N=15, mFE=91729 f17 in 20-D, N=15, mFE=2.37e6 f18 in 5-D, N=15, mFE=140996 f18 in 20-D, N=15, mFE=4.90e6
Af |# ERT 10% 90% RTsucc # ERT 10% 90% RTsucc Af |# ERT 10% 90% RTsuce # ERT 10% 90% RTsuce
10 15 1.4el 1.1el 1.7el 1l.4el 15 4.1e2 3.3e2 4.8¢2 4.1e2 10 15 1.1e2 9.6el 1.2e2 1.1e2 15 1.7e3 1.6e3 1.8e3 1.7e3
1 15 2.5e2 2.1e2 2.9e2 2.5e2 15 3.0e3 2.9e3 3.le3 3.0e3 1 15 3.8e2 3.6e2 4.0e2 3.8e2 15 4.9e3 4.7e3 5.2e3 4.9e3
le—1|15 3.5e3 1.0e3 5.9e3 3.5e3 15 6.1e3 6.0e3 6.3e3 6.1e3 le—1|15 5.6e3 3.5e3 7.7e3 5.6e3 15 4.6e4 2.4e4 7.0e4 4.6e4
le—3[15 1.7e4 1.1le4 2.3e4 1.7e4 15 1.9e5 1.0e5 2.8e5 1.9e5 le—3|15 1.8e4 1.3e4 2.2e4 1.8e4 15 1.3e6 1.0e6 1.5e6 1.3e6
le—5|15 4.0e4 3.0e4 5.0e4 4.0e4 15 1.6e6 1.4e6 1.8e6 1.6e6 le—5|15 3.4e4 2.6e4 4.2e4 3.4e4 15 2.1e6 1.9e6 2.2e6 2.1e6
le—8| 15 5.4e4 4.4e4 6.5e4 5.4e4 15 1.9e6 1.8e6 2.0e6 1.9e6 le—8 |15 6.1e4 4.9e4 T7.2e4 6.1e4 15 2.7e6 2.3e6 3.1e6 2.7e6
f19 in 5-D, N=15, mFE=3.20e6 | f19 in 20-D, N=15, mFE=2.00e7 f20 in 5-D, N=15, mFE=1.89e6 | f20 in 20-D, N=15, mFE=2.00e7
Af |# ERT 10% 90% RTsuce |# ERT 10% 90%  RTsucc Af |# ERT 10% 90% RTsuce |# ERT 10% 90%  RTsucc
10 15 2.8el 2.2el 3.4el 2.8el 15 4.6e2 4.1e2 5.0e2 4.6e2 10 15 5.1el 4.6el 5.7el 5.1el 15 1.1e3 1.1e3 1.2e3 1.1e3
1 15 1.1e3 8.9e2 1.4e3 1.1e3 14 1.8e6 2.0e4 3.7e6 1.8e6 1 15 2.6e4 1.7Te4 3.4e4d 2.6e4 13 1.1e7 8.6e6 1.4e7 9.4e6
le—1|15 9.0e4 5.2e4 1.3e5 9.0e4 9 1.5e7 9.8e6 2.3eT7 1.0e7 le—1|15 9.4e5 7.6e5 1.1e6 9.4e5 0 88e-2 6le-2 1le-1 1.0e7
le—3|15 1.4e6 1.1e6 1.8e6 1.4e6 0 72e-3 40e-3 63e-2 4.5e6 le—3|15 9.7e5 7.8e5 1.2e6 9.7e5 . . . .
le—5|15 1.4e6 1.1e6 1.8e6 1.4e6 . . . . le—5|15 9.8e5 7.9e5 1.2e6 9.8e5
le—8|15 1.4e6 1.1e6 1.8e6 1.4e6 B . . B B le—8|15 1.0e6 8.0e5 1.2e6 1.0e6 B . . . .
f21 in 5-D, N=15, mFE=216292 | f21 in 20-D, N=15, mFE=2.00e7 f22 in 5-D, N=15, mFE=333364 | f22 in 20-D, N=15, mFE=2.00e7
Af |# ERT 10% 90% RTsucc # ERT 10% 90% RTsucc Af |# ERT 10% 90% RTsuce # ERT 10% 90% RTsuce
10 15 9.0el 7.2el 1.1e2 9.0el 15 5.8e3 1.6e3 1.0e4 5.8e3 10 15 1.3e2 1.0e2 1.5e2 1.3e2 15 3.8e3 1.6e3 6.0e3 3.8e3
1 15 3.1e4 1.5e4 4.9e4 3.1e4 14 4.4e6 2.6e6 6.5e6 3.9e6 1 15 8.3e3 5.4e3 1l.le4 8.3e3 15 2.4e6 1.5e6 3.4e6 2.4e6
le—1|15 3.7e4 2.1ed4 5.5e4 3.7Ted 13 7.6e6 4.6e6 1.1e7 5.4e6 le—1|15 3.8e4 1.5e4 6.4e4 3.8e4 0 69e-2 69e-2 69e-2 7.9e5
le—3|15 3.8e4 2.2e4 5.Ted 3.8e4 13 7.7e6 4.6e6 1.1leT 5.4¢e6 le—3|15 4.2e4 1.7e4 6.9e4 4.2e4 B . . . .
le—5|15 3.8e4 2.1led 5.6e4 3.8e4 12 8.5e6 5.0e6 1.3e7 5.2e6 le—5|15 4.2e4 1.8e4 T.led 4.2e4
le—8 |15 3.9e4 2.2e4 5.8e4 3.9e4 12 8.6e6 4.9e6 1.3e7 5.3e6 le—8 |15 4.3e4 1.8e4 6.8e4 4.3e4 B . . . .
f28 in 5-D, N=15, mFE=158684 | f23 in 20-D, N=15, mFE=6.43¢c6 f24 in 5-D, N=15, mFE=5.01e6 | f24 in 20-D, N=15, mFE=2.00e7
Af |# ERT 10% 90% RTsuce |# BERT 10% 90%  RTsucc Af |# ERT 10% 90% RTsuce |# BERT 10% 90%  RTsucc
10 15 7.7e0 4.7e0 1.1lel 7.7e0 15 6.0e0 4.3e0 7.7e0 6.0e0 10 15 5.1e3 3.5e3 6.8e3 5.1e3 15 3.8e6 3.2e6 4.4e6 3.8e6
1 15 4.0e3 2.3e3 5.7e3 4.0e3 15 8.8e3 8.2e3 9.4e3 8.8e3 1 15 4.7e5 3.7e5 5.6e5 4.7eb 0 21e-1 13e-1 29e-1 1.8e7
le—1[15 3.0e4 1.9e4 4.2e4 3.0e4 15 1.1e5 6.9e4 1.5e5 1.1e5 le—1| 5 1.4e7 9.2e6 2.5e7 4.2e6 . B B B .
le—3 |15 3.7e4 2.6e4 4.9e4 3.7Ted 15 2.5e6 2.0e6 3.1e6 2.5e6 le—3| 1 7.2e7 3.4e7 >TeT 5.0e6
le—5|15 3.8e4 2.6e4 5.le4 3.8e4 15 2.7e6 2.2e6 3.2¢e6 2.7e6 le—=5| 1 7.2e7 3.4e7 >TeT 5.0e6
le—8|15 4.0e4 2.8e4 5.2e4 4.0e4 15 2.7e6 2.2e6 3.3e6 2.7e6 le—8| 1 7.2e7 3.4e7 >TeT 5.0e6
Table 2: iAMaLGaM: Shown are, for a given target difference to the optimal function value Af: the number

of successful trials (#); the expected running time to surpass fopt + Af (ERT, see Figure 1); the 10%-tile
and 90%-tile of the bootstrap distribution of ERT; the average number of function evaluations in successful
trials or, if none was successful, as last entry the median number of function evaluations to reach the best
function value (RTsucc). If fopt + Af was never reached, figures in italics denote the best achieved A f-value
of the median trial and the 10% and 90%-tile trial. Furthermore, N denotes the number of trials, and mFE
denotes the maximum of number of function evaluations executed in one trial. See Figure 1 for the names

of functions.

2253




1 124 pan—
+1:23/24 U
— 1194 | /

0.8
29— 41824 s

© :

2 |[— -ss24 f P B
2 0.6

<

5

/

N

Ry
\

m

oy

Ty

3

.

N

all functions
proporti f trial
\\
NN
N
\
l
\

— +1:24/24
— -1:23/24
— -4:23/24
— -8:23/24

o =
=
Liﬁ e
")

\._L
s =
[ ——-

[

) ey / ) (S AR
2 ) ARRIRE v |
M g rml Ayl y
OG‘J/HAL 7 _578:4/5 Z //m 12 = 09 Jr z Z J 12 ;1-51

12 16 " 10 12
1.
f [ I f o — L4/ [ /
14 08 — L4/
{ [f — 444 { f / a™ — 444 } H
ﬁ — -8:4/4 s — -8:4/4
| i

Ty

moderate fcts
proport f trial
o
.
—

T = T T E [
1] ) 1= IR = f
Ll ) sarEBINE )| I'd
5 ) S J
f) i Iy A Ene

— -4:4/5
— -8:4/5

4 0 12 14 16 4 4

1. X

15-19 JJ — L5 1519 e J/J
08 i jj HJ/ — 155 ij

VAR, ] |

$ 0.6

Ve == )
=

I e
5 3

—
~,
e ey

multi-modal fcts

rti f

e

Ty

- e
X,

rti f
"

L

(f
b | A S

14 16

o
o
il
N

/
/
r »
~

1 1.
o f20-74 / // o 20-24 J_r / [ Ay /
O ]
“ 0 . - 0.8
o oe =
2 £os ! Zos — +15/5
2 4 ] : . | |

s S _ a

E 2o 7 204 _ g
5 8 j — 41555 X/ g / (
VR — -L:5/5 s, il ;
g il J( — -4:5/5 _r’( : £ - fr‘
8 — -8:5/5 20-24 — - f20-24

0.0 0.0

2 3 4 5 60 2 4 10 12 14 16 0 1 2 3 4 5 0 4 10 12 14 16 18
log10 of FEvals / DIM log10 of Df / Dftarget log10 of FEvals / DIM log10 of Df / Dftarget

Figure 4: iAMaLGaM: Empirical cumulative distribution functions (ECDFSs), plotting the fraction of trials
versus running time (left) or Af. Left subplots: ECDF of the running time (number of function evaluations),
divided by search space dimension D, to fall below fo,x + Af with Af = 10*, where k is the first value in
the legend. Right subplots: ECDF of the best achieved Af divided by 10* (upper left lines in continuation
of the left subplot), and best achieved Af divided by 1078 for running times of D,10D,100D... function
evaluations (from right to left cycling black-cyan-magenta). Top row: all results from all functions; second
row: separable functions; third row: misc. moderate functions; fourth row: ill-conditioned functions; fifth
row: multi-modal functions with adequate structure; last row: multi-modal functions with weak structure.
The legends indicate the number of functions that were solved in at least one trial. FEvals denotes number
of function evaluations, D and DIM denote search space dimension, and Af and Df denote the difference to
the optimal function value.
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